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HUNTER ROUSE EXPERIMENTS (ICTAM 1938)

Ws = settling velocity

l: grid spacing (m)

w′ = lf: vel . fluc . (m/s)
f: oscillation freq . (Hz)

w′ l ∝ l2f = cst
ε = w′ l/Sc

Sc = Schmidt number
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OPEN-CHANNEL FLOWS

Eddy viscosity: 


Concentration diffusivity: 


Rouse profile: 


Rouse number: 

νt = κ u* z (1 − z /Hf)

εs =
νt

Sc

c
ca

= [ z
Hf − z

Hf − a
a ]

−Ro

Ro =
ScWs

κu*

UU ϕ

τb Φ f (θ)

MPM :qs(θ)∝(θ−θc)
3/2

Shields :θ=
τb

Δρ g d

qs(θ)
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Turbulent Schmidt number: Sc

Data from open-channel flow experiments collected by Lyn (2008) 

Coleman (1970)

van Rijn (1984)
Sc = (1 + 2(Ws /u*)2)−1

Lyn (1988)
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Eulerian-Eulerian two-phase flow equations

Local mass & momentum conservation for a fluid-particle mixture

r.~u = 0 and
d⇢~u

dt
+r.(⇢~u⌦ ~u) = r.� + ⇢~g

Local spatial averaging 
Jackson (2000)

4



Eulerian-Eulerian two-phase flow equations

Local mass & momentum conservation for a fluid-particle mixture

r.~u = 0 and
d⇢~u

dt
+r.(⇢~u⌦ ~u) = r.� + ⇢~g

Local spatial averaging 
Jackson (2000)

4

Vf
x

LGL is a 3D door function 

Lflow > > L > > d
⟨ f ⟩f( ⃗x, t) =

1
1 − ϕ( ⃗x, t) ∫Vf(t)

f( ⃗y, t)GL( | ⃗x − ⃗y | )dVy
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• Ensemble averaging:                      Favre-averaged velocity


• Favre-averaged two-phase flow equations:
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Favre-averaged two-phase flow equations

⟨ϕ⟩ = lim
N→∞

N

∑
k=1

ϕk
⃗

ũf
f

=
⟨(1 − ϕ) ⃗uf⟩

1 − ⟨ϕ⟩
⃗

ũp p
=

⟨ϕ ⃗up⟩
⟨ϕ⟩

∂⟨ϵ⟩
∂t

+ ∇(⟨ϵ⟩
⃗

ũf
f

) = 0

ρ f ∂⟨ϵ⟩
⃗

ũf
f

∂t
+ ∇(⟨ϵ⟩

⃗
ũf

f
⊗

⃗
ũf

f

) = − ρ f ∇(⟨ϵ⟩ ˜Δuf ⊗ Δuf
f) − ⃗∇ p + ⃗∇ ⋅ τ f − ⟨n ⃗f⟩ + ⟨ϵ⟩ρ f ⃗g

∂⟨ϕ⟩
∂t

+ ∇(⟨ϕ⟩ ⃗
ũp p ) = 0

ρp ∂⟨ϕ⟩ ⃗
ũp p

∂t
+ ∇(⟨ϕ⟩ ⃗

ũp p
⊗ ⃗

ũp p ) = − ρp ∇(⟨ϕ⟩ ˜Δup ⊗ Δupp) − ⃗∇ pp + ⃗∇ ⋅ τp + ⟨n ⃗f⟩ + ⟨ϕ⟩ρp ⃗g

Reynolds-like stresses 
Mixing length, k-𝜀 or LES

Fluid-particle interactions 
Drag + Buoyancy + dispersion

Granular stresses 
μ(I) or Kinetic theory of granular flows

Effective fluid stress 
Viscous effects ~ negligible
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Two-fluid suspended-load simulation

Experiments with 
Glass Beads 

Kiger & Pan (2002)
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Two-fluid suspended-load simulation

Experiments with 
Glass Beads 

Kiger & Pan (2002)

Numerical simulations: Mathieu et aI. (JFM  2021) 

- 2nd order finite volume (openfoam/sedFOAM)


- SGS model: dynamic Lagrangian (Meneveau, 1996)

y+101 100

Validation 𝜙 = 0 
Δx

dp
=

Δz

dp
≈ 2



7 Mathieu et aI. (JFM  2021)

Two-fluid suspended-load simulation

Glass beads experiments : Kiger & Pan (2002) 

‣ 


‣
Reb = 104

Reτ = 560

‣ 


‣ 


‣

Rep = 4.8

St = 3.2

dp/η = 5.5

‣ ϕ̄ = 2.31 × 10−4

Contour of ϕ Q criterion
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Rep = 4.8

St = 3.2
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Hypothesis 


Finite-size effects are responsible 

for the underestimation of 

suspended-load 

dp/η = 5.5
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)
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Log(E(K))
Finite-size particles 
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)

L > dp > 𝜂 

Spatial scales forcing the particles dynamics are filtered 

➡ Only turbulent structures larger than particle size do contribute to their advection 

Qureshi et al. (2007)

Drag force:

Not valid anymore

Particle relaxation time:
Log(K)

Log(E(K))
Finite-size particles 
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)

Spatial filter:
Kidanemariam et aI. (NJP  2013)

Eddies smaller than  modify the particle response time by 
increasing the viscosity “seen” by the particles 


dp

Gorokhovski & Zamansky (2018)

Δ
Log(K)

Log(E(K))
Finite-size particles 
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)

Spatial filter:
Kidanemariam et aI. (NJP  2013)

Eddies smaller than  modify the particle response time by 
increasing the viscosity “seen” by the particles 


dp

Gorokhovski & Zamansky (2018)

Δ
Log(K)

Log(E(K))

Filtered drag force:

Filtered particle relaxation time

νt
p ≈ u′ f dp ≈ ε1/3

p d4/3
p‣ Effective turbulent viscosity at the particle scale:

Finite-size particles 
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)

     Eqn (5.10):  with Prandtl mixing length:    and    the Rouse number
c
cr

= ( zr

z )
Ro

ϵs = κ u* z Ro =
ws

κ u*
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)

Experiments: Muste et al. (2005) 
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Fully-resolved DNS
DNS: Kidanemariam et al. (2013)
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Reτ = 184

ϕ̄ = 5 × 10−4

dp/η = 7.2
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Finite-size correction model for two-fluid LES

Mathieu et aI. (JFM  2021)

Finite-size effects increase suspended load concentration

Experiments: Muste et al. (2005) 
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‣

Reb = 1.6 × 104

Reτ = 840

ϕ̄ = 2.31 × 10−4

dp/η = 9.7

Natural sand



WHAT COULD EXPLAIN  ?Sc < 1

Sediment mass balance: Ws⟨ϕ⟩ +
νt
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WHAT COULD EXPLAIN  ?Sc < 1

Sediment mass balance: Ws⟨ϕ⟩ +
νt

Sc

d⟨ϕ⟩
dy

= 0

The turbulent Schmidt number is not smaller than unity  
BUT 

settling velocity is reduced due to finite-size effects 

Other evidence of settling retardation are presented in Chauchat et al. (PRF 2022) 

Sc < 1 ⟺ Ws ↓



 Finite size effects on suspended-load


➡ They are significant for medium sand particles


➡ They can be modeled using a sub grid scale viscosity in the drag force


➡ They might explain why the turbulent Schmidt number has been taken as Sc < 1  


Perspectives 

➡ Extent the approach to larger size ratios: 


➡ Apply the two-fluid LES to wave-driven sand transport and ripples formation

dp/η > 10
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Conclusions
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